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The qualitative equivalence between the Fourier reconstruction
(FR) algorithm and the filtered back projection (FBP) algorithm is
demonstrated when all the different phase errors that can occur in
FR are eliminated. The causes of phase errors are underlined and
methods to eliminate them are presented. The practical compar-
ison between FR and FBP has been evaluated on a numerical test
image and the results are reported, demonstrating the qualitative

tions, the limited number of sample points for each projectiol
and the noise that affects the measured data.

FBP is used in a large number of applicatiods-8), al-
though it is much slower than FR, which exploits the quicknes
of the fast Fourier transform algorith®)( The reason is that
FR is more sensitive to errors in calculation that can occur

equivalence. FR has the advantage of being very computationally
efficient. In fact, the time spent to obtain the FR image was 1/20
of that used to obtain the FBP image. Because of the computa-
tional efficiency of FR and the good quality of the results obtained,

Fourier space: an error in Fourier space, in fact, will b
reflected on the whole image. The most serious effect could
the introduction of phase errors on the image that imply tf
loss of the Hermitian condition of its Fourier transform (sup

an iterative version of FR has been used to implement the spec-
tral-spatial imaging (SSI) algorithm in the field of electron para-
magnetic resonance imaging (EPRI). An experimental example,
demonstrating its good performance, is reported. © 1998 Academic

Press

posing that the unknown image is a real function). In this cas
the reconstructed image is a complex function and the calc
lation of its modulus is the only way to collect information,
both from the real and the imaginary parts. Zones in which tt
image assumes negative values (i.e., less than zero), which
refer to as negative information, are thus completely lost al
the algorithm fails when this information assumes a physic
relevance. In many applications, negative values have no ph
ical relevance, and it is useful to apply the nonnegativit
Imaging from projections requires the application of a resonstraint to improve the reconstruction quality. But, if we ar
construction algorithm 1-3). The numerical reconstructionforced to use the modulus representation, it is impossible
techniques used for this purpose can be grouped into two badistinguish and eliminate erroneous negative information pr
classes: one in which the reconstruction is performed in theced by the reconstruction technique. This limitation hinde
signal space, and one in which it is performed in Fourier spaghe use of an iterative version of FR when treating very nois
Among the methods performed in signal space is filterefhta or missing-angle applicatior.(In many areas, in which
back projection (FBP). Fourier reconstruction (FR) is the mogiconstruction from projections is required, these conditio
important method operating in Fourier space. It has be@equently exist and FBP is commonly used instead.
shown that there is a complete theoretical equivalence betweetarting from the assumption of the theoretical equivalen
FBP and FRY, 3. In fact, both are interpreted by means of &f the two methods, we show that, when all types of pha:
straightforward and interesting theorem referred to as the pegrors are eliminated, FR performs as well as FBP, even in t
jection-slice theorem1). For this reason, both the algorithmspresence of negative information. The practical comparis
belong to the group of so-called analytical algorithms. will be assessed by a numerical test image, showing the qu
The differences between these are of an operative kind gggive equivalence of the results. An iterative version of Fi
arise from the behavior of the algorithms while finding aRas peen used to implement the spectral-spatial imaging (S

approximate solution to the problem. The solution is necessgfgorithm in the field of electron paramagnetic resonance ir
ily an approximation because of the limited number of projegying (EPRI) 4, 5).

INTRODUCTION

The FR algorithm has been applied to reconstruct tw
1To whom all correspondence should be addressed. E-mail addréd§nensional (2D) images, from a set of one-dimensional (1L
Placidi@fismedw2.univag.it. projections. Three-dimensional (3D) reconstruction is a natui
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extension of the 2D casel@—12. The algorithm has been projection taken at the same angle. This equation gives a dir
implemented using Matlab on a Pentium IBM-compatibleperative method in order to derive a reconstruction algorithr
computer. called Fourier reconstruction (FR), that operates as follows:

(a) It creates the one-dimensional Fourier transform of ea
projection.
Let f(x, y) be a 2D function that represents the unknown (b) It places each 1D Fourier Transform on a 2D plane at tt

image. The integral dfi(x, y) through a lines perpendicular to PrOPer angle and position. _ _
a direction on the sample is called the ray sum. The whole set (€) It uses the inverse 2D Fourier transform to obtain th
of ray sums perpendicular to that direction constitutes thgage.
projection (L, 13 of the image at thep angle, i.e., In general, the exact reconstruction of the imége y), by
using Eq. [3], requires an infinite number of projections. More
o over, we are supposing th&,(w) is a continuous function.
pu(r) = f f(r, s)ds, [1] But, in experimental conditions, a finite numbderof projec-
—es tions is collected in polar coordinates, at angular incremer
A¢;. Moreover, for each projectioN data points are acquired
wherer = x cos¢ + y sin¢ ands = x sing — y cos¢. With sp.atial incrementar. In this case, the FR image can be
For each projectiop,(r) collected in the space domain, theapproximated by
1D FT is given by

FOURIER RECONSTRUCTION TECHNIQUE

N/2 N/ 2
* f(X' y) = z E F(wk! wj)e_i(mkx+wiy)Akawj'
be(w) = f p(b(r)eiwrdr’ [2] k= —N/2 J= —N/2 [6]

and the 1D Fourier transform @f,(r) has the form
where¢ = tan Y w,/w,) andw = (0? + w3)Y'2

The imagef(x, y) can be calculated by 2D inverse Fourier N2
transform, Pyw)= > pulr)€ar, (7]
k= —N/2

f(x,y) = J J F(o1, 0)e " “***Ydw,dw,  [3]  In these conditions, the FR algorithm has to be change
) adding a new step, between (b) and (c), to include an interg
lation process in order to obtain a two-dimensional Cartesi:

in which the coefficient$(w,, w,) are evaluated using newdrid of Fourier coefficients.

axes ¢, s) rotated by an angle with respect to the positive  During the implementation of this algorithm, two types o
X-axis, errors can occur. One is strongly dependent on the accuracy

the interpolation technique, on the number of projections, ai
o fu on the sampling interval of each projection. This type influ
Flwy, 0) = J J f(r, s)erdrds, [4] ences the_ image qual_ity, but does not eliminate any intrin_s
characteristic of the image, such as being a real functio
o Moreover, it has been demonstrated elsewhéf (4 that
these sorts of errors can be easily reduced by using mc
accurate interpolation techniques.

The second type, the so called phase errors, is specific to
and can occur for different reasons, violating the Hermit
condition. In fact, phase errors are generated if not all of tt

* , Fourier coefficients are correctly positioned #space, or
Flo, ¢) = Floy, w) = J py(r)€“'dr = Py(w), [5] when their value is not correctly evaluated both for the real ar
- imaginary parts. Moreover, the condition that must hold is th:
the zero-frequency (DC component) of each projection must |
whereF(w, ¢) represents the FT d&fx, y) in polar coordinates in placed at the same point at which the 2D Fourier transfor
the frequency domain. Equation [5], known as the projection-slipdaces the zero frequency of an image of the same dimensio
theorem {4), states that each Fourier coefficient of the densifjhis placement is strongly dependent on the implementation
function is equal to the corresponding Fourier coefficient of tiiee FT algorithm and, when treating Bfi N image,N being an

and w is defined as before.
By changing the order of integration, we see that the
integral is the projectiom,(r), as given in [1], so that



282 PLACIDI ET AL.

even number, the FT algorithm could place the zero frequencyl. The images are very similar and this fact is also demo
at one of four points: /2, N/2), (N/2 + 1, N/2), (N/2, strated by the values of the mean squared errors (MSE) defir
N/2 + 1) or (N/2 + 1, N/2 + 1), because the logical centeras in Ref.15 (MSErg = 0.005, MSEgp = 0.008).

of the image does not correspond to a physical one. If this2. The nonnegativity constraint can be used in each methc
correspondence is violated, phase errors can occur that transfé. The FR image has been obtained in 2 minutes; the FI
relevant information to the imaginary part of the image. Thismage has been obtained in 40 minutes.

central point of the Fourier transform of the projections must
be at exactly the same position where the Fourier transfoE
algorithm would place the DC point.

The large difference in computational performance is due
HE different operational behavior of the two methods. In fac
if N is the number of projections used, the computation
complexity of FR grows a®? log, N, having supposed that
the number of projections is of the same order as the numt
of the sampling points of each projection and of the imalge (
The computational complexity function of FBP, in the sam
The experiment reported in this section is intended to shawnditions, grows all®. As an example, if we pladd = 128,
that FR can produce large phase errors in the reconstruckRl will be about 18 times more computationally efficient tha
image. However, it will show the practical equivalence beBP. It is important to emphasize thaiNfis not a power of 2,
tween FR and FBP, once any sort of error in FR has bebuoth algorithms have computational complexity that grows :
eliminated. N3. In fact, FR uses the advantages of the FFT algorithm th
For this purpose, the two techniques have been tested usimgws asN log, N if N is a power of 2, andN? otherwise {).
calculated data obtained by a two-level image, composed of arThe comparison has been done on the assumption that
“F” printed on a white circle (see Fig. 1A). A set of 128terpolation errors are correctly treated and minimized. To ma
projections, each sampled on 128 points, have been num#mi possibility of these errors negligible, we have used a grea
cally calculated (without adding noise) to reconstruct 128*128:mber of projections than necessary.
images. The images reconstructed by FR and FBP are shown in
Figs. 1B and 1C, respectively. Figure 2A shows the real part EXPERIMENTAL EPR APPLICATION:
and Fig. 2B the imaginary part of the image reconstructed by SPECTRAL-SPATIAL IMAGING
FR, presenting phase errors due to only a one-point frequency
shift in the positioning of the Fourier coefficients of one The operative comparison between the two results h
projection. The Hermite condition of the Fourier transform gghown the qualitative equivalence of the two methods, startit
the image is violated. from the effective advantage of FR with respect to FBP i
The resulting image will be complex, and a consistent part 6@mputational performance. We can now show, as an examy
it has been shifted to its imaginary part. In this condition, tH&e use of an iterative version of FR in an important applicatic
only possibility of using the information contained in the reg?f EPRI that uses missing angle reconstruction: 3SEY.
and imaginary parts is by taking the modulus of the image. In EPR spatial imaging, the goal is to map the spin densi
This results in the loss of the negative information in theistribution of an unknown object from a set of its projection
image. When the nonnegativity constrairi¢X, y) > 0) holds, (16). The image is a map on a plane of different sign
the modulus does not allow the zeroing of the pointsy) in intensities, coming from the observed paramagnetic agent.
which f(x, y) < 0, these being errors caused by the approx- Since the EPR spectrum is a function of the EPR sign
imation processes. against the magnetic field,, imaging is performed by adding
However, when FR uses correct positions for the Fourigrlinear field gradienti(r) = G- r, to the stationary magnetic
coefficients and ensures a correct interpolation process, itifld: Ho, required to observe the magnetic resonance pheno

possible to obtain an image containing all the meaningful dt3°" €7)- _ _
in its real part (see Fig. 2C, the same as Fig. 1A). In this case,| "€ EPR spectrum of an object recorded in the presence

its imaginary part will be almost everywhere zero (see Fig. 2|§)’ﬁeld gradient along a direction represents the projection

and will show very few spurious values which are the residuBe(r) onr of the sample spin density and is given by

effects of numerical calculation errors intrinsic to the fast

Fourier transform algorithm (these values are of the order of »

10~2° and the image values are between zero and one). In this s(H) = f p(z — H)t(H)dz (8]

case, it is possible to use the nonnegativity constraint to elim- -

inate spurious negative oscillations (due to missing angle or

sampling), improving the image quality. The functiont(H) represents the lineshape function and col
The comparison between Figs. 1B and 1C suggests #esponds to the EPR spectrum measured in the absence

following considerations: field gradient;p(H) describes the spatial distribution of the

NUMERICAL EXPERIMENT
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FIG. 1. Two-level sample image (A) composed of an “F” printed on a white cylinder. The maximum value of the image, white, corresponds
the minimum value, black, corresponds to 0. Correct Fourier reconstruction (B), 128*128, and filtered back projection reconstruction (C), 128*
the sample image shown in (A). The set of projections used to obtain the images (B) and (C) was composed of 128 projections, each sample
points.

spin density. This expression means that the signal measuredeénsity information, but also to differentiate the spectral infol

the presence of a field gradient is the convolution of thmation from localized parts of the sample.

intrinsic linewidth of the studied species with the spatial dis- The image obtained by a 2D SSI experiment, in fac

tribution of the sample. represents the spread of EPR spectra along a spatial dir
In the case of SSI, the purpose is not only to obtain the spion. The output of a SSI experiment shows a pseudo obje
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FIG. 2. Fourier reconstruction, 128*128, of the sample image shown in Fig. 1A. Real part (A) and imaginary part (B) of the reconstruction with one
shift of the Fourier transform of one projection. Real part (C) and imaginary part (D) of the reconstruction with correct positioning of the Fourier coeff
of all the projections. The image shown in (C) is the same as that reported in Fig. 1B.

whose dimensions arAH along the spectral axis anilS a projection of the pseudo object from an angleA field
along the spatial axis. In thid—S plane, the lines parallel to gradient equal to zero will correspond to = 0° and an
the H-axis give the spectra at different positions along thiafinite value of the field gradient tee = 90°. Negative
sample and the spin density of the sample is representedvayues ofa are obtained by inverting the gradient sign. Th
lines parallel toS. The acquisition of the EPR spectrum ofttonditiona = 90° is experimentally impossible to achieve
an object, at a given value of the field gradi€htrepresents because of the impossibility of using an infinitely large
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A B

FIG. 3. L-band Fourier (A) and filtered back projection (B) spectral-spatial images of a sample composed of two contiguous circular sample hold
and 4.3 mm in diameter and 10 mm apart. The samples were filled with a nitroxide free-radical water solution in different concentrations, 1 mM the lar
0.7 mM the smaller. The nitroxide had the typical three-line spectrum and 0.16 mT of linewidth. To obtain the images, 33 measured projections, 4 missin
and 3 iterations of the algorithm were used. The maximum gradient value was 0.285 T/m.

gradient value. The relation between field gradient amdprojection, at the appropriate angles, from the previous ir
observation angle is given by age.
6. Steps 3, 4, and 5 are repeated until there is no furth

G. = tan(a)AH/AS. [9] improvement in the image.

It is necessary to use step 4 because if we do not make 1
The maximum observation angle, ., is then fixed byAH of any constraint to change the image structure, the applicati
ax ’

AS and by the maximum achievable gradient inten@iy,,. of _step 5 ob\_/iously gives a constant value at_ missing angle
This means that an interpolating method is necessary to edfi'S type of information would not be useful in reducing the
mate the missing projections (due to the restriateg, value). artifacts from an image using the iterative process. In fact,
This is possible using an iterative methd). ( projection that gives a constant contribution to the reconstru
The implementation of 2D spectral-spatial that uses FR cifn Of an image has the same effect as a projection that is z
be summarized as follows: everywhere. Moreover, if we do not make use of any constrai
to change the image structure, after the first iteration of tt

1. The projections are acquired at increasing gradient angtg®ectral-spatial algorithm the reprojection process would gi

up to the maximum allowed. no change in future iterations at the missing angle projectior
2. The initial values of the missing projections are set equi@he preceding algorithm is different from that given by Mal
to zero. tempo et al. (5) because step 3 is implemented using FI
3. A Fourier reconstruction image is obtained. instead of FBP.
4. The negative parts of the reconstructed image are seffo show the equivalence of the two algorithms on exper
equal to zero. mental data, we reconstructed L-band (1 GHz) EPR spectr:

5. A new estimate of the missing projections is evaluated Ispatial FR and FBP images of a phantom composed of tv
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contiguous circular sample holders, 4.8 mm and 4.3 mm apportunity of using FR in missing-angle applications, as i

diameter and 10 mm apart. The sample holders were filled wahy situation in which the nonnegativity constraint and a

a nitroxide free-radical water solution in different concentraterative application of the reconstruction algorithm are re

tions, 1 mM the larger and 0.7 mM the smaller. The free radicquired.

used had the typical three-line spectrum of nitroxides and 0.16In these cases, the application of FR is recommended, |

mT of linewidth. To obtain the spectral-spatial images usirgause of its computational efficiency. The functionality of FF

the two technigues we used 33 measured projections, 4 missiag been demonstrated when applied to spectral-spatial E

angles, and a maximum gradient valBg_, of 0.285 T/m. The imaging reconstruction. In this case, the iterative version of F

optimal number of iterations was 3 for both algorithms. Thieas been used, and the image reported in Fig. 3 demonstr:

images obtained with FR and FBP are shown in Figs. 3A aitd functionality.
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